Asset market interconnectedness can give rise to significant contagion risks during periods of financial crises that extend beyond the risks associated with changes in volatilities and correlations. These channels include the transmission of shocks operating through changes in the higher order comoments of asset returns, including changes in coskewness arising from changes in the interaction between volatility and average returns across asset markets. These additional contagion channels have nontrivial implications for the pricing of options through changes in the payoff probability structure and more generally, in the management of financial risks. The effects of incorrectly pricing risk has proved to be significant during many financial crises, including the subprime crisis from mid 2007 to mid 2008, the Great Recession beginning 2008 and the European debt crisis from 2010. Using an exchange options model, the effects of changes in the comoments of asset returns across asset markets are investigated with special emphasis given to understanding the effects on hedging risk during financial crises. The results reveal that by not correctly pricing the risks arising from higher order moments during financial crises, there is significant mispricing of options, while hedged portfolios during noncrisis periods become exposed to price movements in times of crises.
Introduction
The subprime financial crisis of 2007-2008, immediately followed by the Great Recession in mid 2008, and more recently the European debt crisis beginning 2010, reveal significant risks that arise from the interconnectedness of asset markets in the global financial landscape. The magnitude of shock transmissions from one market to others often far exceed expectations based on normal market linkages and dependence structures between assets (Dungey, Fry, González-Hermosillo and ). Not only do the codependence structures across financial markets change dramatically during periods of financial turbulence, these changes often extend beyond the usual changes in market correlation, and include additional crisis transmission channels operating through higher order comoments of asset returns (Fry, Martin and Tang (2010) ).
The effect of changes in the comoments of asset returns on recent financial crises are highlighted in Tables 1 and 2 . Table 1 Table 2 shows that similar results occur for coskewness between pairs of equity returns of countries, with coskewness changing from being negative in the noncrisis period to being either positive or a smaller negative coskewness in the crisis periods. The only exception is in Table 2 where coskewness between the US and Greece (last block of the table) becomes more negative during the Great Recession, changing from −0181 to −0238. given to identifying the size of mispricing from higher order comoments of asset returns during the crisis periods and how it impacts upon hedging strategies. The key results of the analysis reveal significant mispricing of options during financial crises from not pricing the risks associated with higher order moments. The analysis also shows that portfolios that are hedged against price movements during noncrisis periods become exposed to unfavorable price movements during periods of crises.
The adoption of a generalized normal distribution to capture higher order codependence in asset returns represents a natural choice as Fry, Martin and Tang (2010) show that Lagrange multiplier tests of contagion can be derived which relate to existing tests of comoments such as coskewness. An alternative approach to capture higher order dependence is based on using copulas (Patton (2006) , Rodriguez (2007) , Harvey (2010) and Busetti and Harvey (2011) The rest of the paper proceeds as follows. Section 2 sets out an exchange option contract where the bivariate generalized normal distribution is specified to allow for contagious channels operating through higher order moments and comoments during periods of financial crises. To investigate the effects of these additional channels of 
Option Pricing During Financial Crises and Contagion
This section investigates the effects of contagion during financial crises on the price of exchange options between two assets, where an additional crisis transmission channel between assets exists that operates through higher order comoments of asset returns.
An exchange option provides the right to exchange one asset for another asset (Magrabe (1978)). Consider an European exchange option which gives the holder the right to exchange asset 2 for asset 1 when the contract expires at time  The price at time  of an exchange option (  ) is given by the expected value of its discounted payoff
where the option contract is written in terms of exchanging asset 2 for asset 1,  1
and  2 are the respective prices of assets 1 and 2 at maturity and   is the risk-free The exchange option price formulation is similar to a call option written on asset 1, only that the strike price is stochastic and depends directly on the price of asset 2. The value of the exchange option depends on the spread between the asset prices of 1 and
2.
As the ratio of asset prices  1  2 falls, the value of holding an exchange option falls.
The holder of the exchange option is betting that the price of asset 1 will rise relative to 2 The opposite is true for the seller of the exchange option who is obligated to give up asset 1 in exchange for asset 2 from the option holder if the option is exercised.
For the Black-Scholes option price model, asset prices are assumed to follow geometric Brownian motion. Under risk neutrality the stochastic differential equation of asset prices is specified as
where   is the dividend yield,   is the instantaneous volatility of the returns on the  asset, and   is a Wiener process with the property that   ∼ (0 ) and
 allows for the Wiener processes to be correlated. Given equations (1) and (2), the Black-Scholes price of the exchange option (Magrabe (1978), Hull (2000)), is
where  1 and  2 are the underlying asset prices at time , and  1 and  2 are the respective dividend yields which for simplicity are assumed to be constant over the life of the contract. The variables  1 and  2 are given by
and
with  () representing the cumulative probability density function of a variable that is normally distributed with zero mean and a standard deviation of one, and
where  1 and  2 are the associated volatilities of the returns of assets 1 and 2 respectively and  measures the correlation between the two assets.
To focus on the higher order comoments of asset returns underlying the exchange options contract, the normality assumption of asset returns as embodied in the Wiener process in the Black-Scholes framework is extended by specifying the following generalized normal distribution (Fry, Martin and Tang (2010))
where
is the log-return at time  on the   asset,  is the normalizing constant with the
and     = 1 2 · · ·  9 are parameters. An important special case of the generalized normal distribution in equation (7) is that it contains the bivariate normal distribution as a special case when the following restrictions are imposed
where  represents the correlation parameter between  1 and  2  Reflecting the statistical features of asset prices during financial crises summarized in Table 2 , the parameters  4 and  7 allow for skewness in the returns of assets 1 and 2 respectively, whereas the parameters  8 and  9 allow for kurtosis in assets 1 and 2 respectively. Coskewess is captured by the parameters  5 and  6  The first form of coskewness as represented by the term  (7) are
The means, variances and coskewness are computed respectively as Figure 1 shows that a decrease in positive coskewness corresponds to simultaneous falls in the risk of asset 1 and the expected return on asset 2. A switch from positive coskewness to negative coskewness corresponds to larger negative expected returns for asset 2 and increasing risk for asset 1 This trade-off between the risk and return across asset markets is comparable to the Engle-Ng news impact curve where increases in volatility are associated with increases in the absolute size of shocks, but within the same market. 2 To allow for cokurtosis in the generalized normal distribution given in equation (7) the terms  1  
The Bivariate Generalized Lognormal Distribution
In pricing options what is of interest is the joint distribution of prices over the life of the exchange options contract. Given the returns distribution in (7), the price distribution conditional on lagged prices is obtained by using the transformation of variable technique
is the absolute value of the Jacobian using the transformation in (8) . Using this expression for the Jacobian in (12), the bivariate distribution of prices conditional on lagged prices is then given by
An important special case of (14) is obtained by imposing the bivariate normal restrictions in (10) as the conditional price distribution reduces to the bivariate lognormal distribution. Higher order comoments can be included in the bivariate distribution by now allowing   6 = 0  > 4. For this reason, the conditional price distribution in (14) represents a generalized lognormal distribution.
The properties of the generalized lognormal distribution in (14) are highlighted in Figure 2 which gives both surface and contour plots for alternative parameterizations.
For all parameterizations, conditioning is chosen as ln  1−1 = ln  2−1 = 1 while  = 0 The normalizing constant  in (14) is computed using the procedure INTQUAD2
in Gauss 10 which evaluates a double integral by Gaussian quadrature. As a check on the numerical integrations, in the case of bivariate lognormality, the percentage error in computing the normalizing constant  in (14) by numerical integration is around 2% for alternative values of  1   2 and  compared to the analytical expression of
The bivariate lognormal distribution given in Figures 2(a) and 2(b) is generated by imposing the restrictions in (10) . As  = 0, the two prices,  1 and  2  are independently distributed with the joint distribution exhibiting a single peak. In the context of exchange options whereby the contract is only exercised when  1   2  the pertinent area of the probability space in Figure 2 is represented by the area below a 45 0 line in the contour diagrams.
Resetting the parameters that control the highest even moments to  8 =  9 = −025 while still using the same parameter values for  1   2 and  3  results in a more peaked joint price distribution in Figures 2(c) and 2(d). The effects of coskewness are highlighted in the remaining plots in Figure 2 by changing the value of  5  while imposing the restrictions of the following
In (14).
The Effects on Exchange Options of Coskewness in the Expiration Distribution
There are two natural ways that the generalized bivariate lognormal price distribution can be introduced into the exchange options model. The first is through the generating process of the joint distribution of returns on the two assets over the life of the exchange option contract and the second is through the specification of the joint price distribution at the time of maturity, namely for  1 and  2 where  is the maturity date of the contract. In this section, the latter is discussed with special emphasis on the effects of coskewness on the terminal distribution and the corresponding effects on the price of the exchange option contract written at time  The former case is discussed in the following section.
Consider the following bivariate generalized lognormal (conditional) distribution corresponding to the prices at maturity
where the coskewness parameters  5 and  6 have the values
while the remaining parameters are set at
In the case of the exchange options model, the standardized random variables  1 and  2  in (15) are chosen as
where all terms are as defined above.
The price of the exchange option is then given by
with the range of integration of  1 being from  2 to ∞ ensuring that only probabilities where
are considered in the evaluation of the exchange option. This choice of  1 and  2 in (16) 
the three exchange option prices are: Analytical = 00810264353 Numerical with normalizing constant evaluated analytical = 00810264356 Numerical with normalizing constant evaluated numerical = 00810208315 The price of exchange options in (17) for alternative levels of coskewness in the expiration bivariate price distribution in (15) . Exchange option inputs are based on (18) with the parameters of the bivariate generalized lognormal distribution set at The numerical price which uses the analytical expression of the normalizing constant in the bivariate lognormal distribution is accurate to the 6  decimal place. In the case where the option price is computed with the normalizing constant  and the double integrals in (17) both evaluated numerically, the exchange option price is accurate to the 5  decimal place. Table 3 gives the exchange option prices based on (17) for alternative values of the coskewness parameters  5 and  6  with the exchange option inputs given in (18) .
The effect of increasing negative coskewness by allowing for larger negative values of  5  results in the joint generalized lognormal distribution stretching along the  1
axis. This raises the probability of higher payoffs,  1 −  2  which, in turn, leads to higher option prices. The same qualitative result occurs for increasing negative skewness through larger negative values of  6 . In the case of positive coskewness, through either positive increases in  5 or  6  the mass of the joint distribution now moves in the direction of  2 with the joint distribution stretching along the  2 axis.
This corresponds to higher probabilities of lower payoffs, resulting in lower prices for exchange options.
Pricing by Monte Carlo Methods
To compute the option price in equation (1) assuming that returns at each point in time over the life of the contract from  to  are based on either the bivariate generalized normal distribution in (7) or the bivariate generalized lognormal distribution in (15),
as an analytical solution is not available Monte Carlo methods to compute the price of the option are adopted. The steps involved consist of replacing the conditional expectation in equation (1) by simulating the asset price equation  = 10 000 times using a discrete time step, and assuming that the disturbances are drawn from the generalized normal distribution in equation (7). The option price is then computed as the discounted payoff of the sample mean of the simulation runs
To improve the accuracy of the simulated option price, a control variate is used by augmenting the generalized normal distribution option price in equation (19) by the difference between the analytical Black-Scholes price and the Monte Carlo price based on bivariate normality.
To determine the effects of contagion during a financial crisis on the price of exchange options, a simulation experiment is conducted. As a benchmark, the price of exchange options during the noncrisis period are assumed to correspond to the BlackScholes prices whereby the Weiner processes of the two underlying assets the exchange option contract is written on, follow a bivariate normal distribution. The exchange option prices are evaluated using the following inputs
with the prices of asset 1 and asset 2 at time  taking on values between 60 and 100 in increments of 5
During the period of the financial crisis, additional contagious channels arise through the higher order moments by assuming that the disturbances of the prices of the underlying assets follow a generalized normal distribution. To determine the potential size of mispricing during the crisis period from ignoring the nonnormalities in returns, the Black-Scholes prices are also computed in the crisis period using the implied volatility and correlation of the returns based on the generalized normal distribution.
As Table 1 shows that returns during the financial crises tend to exhibit positive skewness and coskewness, the bivariate generalized normal distribution is parameterized accordingly in the simulation. The parameters of the generalized normal distribution in equation (7) during the crisis period are set to
with  = 05, which yields positive coskewness of 0270 during the crisis period compared to a value of zero coskewness in the noncrisis case. The noncrisis distribution of returns is represented by the standardized bivariate normal distribution with zero means, unit variances and correlation  = 05, which is obtained by imposing the additional restrictions   = 0  > 4 on the parameters in equation (7).
To determine the potential size of mispricing during the crisis period from ignoring coskewness in returns, two exchange option prices are computed. The first is the Black-Scholes price using equation (3) . In computing this price in the crisis period the 4 A second simulation using an alternative form of coskewness was also conducted by specifying the parameters of the generalized normal distribution in the crisis period as
with  = 05 as before, which yields positive coskewness of 0354 compared to a value of zero coskewness in the noncrisis case. The results change only slightly when examining the second from of coskewness. For details on that simulation see the working paper of Fry-McKibbin, Martin and Tang (2013) .
parameter values for volatility and correlation are taken as the implied values associated with the bivariate generalized normal returns distribution. Formally, this is achieved by computing
where the means are computed as
The value of the correlation parameter increases from 05 during the noncrisis period
during the crisis period. The second price computed is the generalized normal exchange option price based on (19) , by simulating the two asset prices 10 000 times over the life of the contract of 1 year in steps of ∆ = 01
The results of the simulations are presented in Figure 3 
Portfolio Effects of Financial Crises
The risks arising from having open positions in exchange options can be hedged. A common approach to hedging an option is delta hedging where an offsetting underlying asset position equivalent to the option face value multiplied by its current delta, is taken. For a call option, the delta is simply given as the change in the call option value with respect to a change in the asset price. When an offsetting delta equivalent position is held against an option position, the overall position is considered delta neutral. In this situation, the combined option and hedge position will show no profit or loss for small changes in the underlying asset price (see Hull, 1970) . The deltas of the exchange option with respect to the two underlying assets can likewise be derived from the pricing equation in (3) so that offsetting positions may be taken in each of the respective assets to hedge against the underlying sources of price risks.
Delta Hedging
In this section, the deltas derived analytically from the Black-Scholes pricing equation in (3) are computed for a selected range of prices for the underlying assets. These deltas which are computed based on the assumption of bivariate normality are then compared to the deltas computed from numerically generated exchange option prices that take into account higher order comoments, including coskewness during the crisis period.
The difference in the analytical and simulated deltas correspond to the hedging errors that may result from using the Black-Scholes option pricing equation in the presence of coskewness during periods of financial crisis and contagion. In presenting the delta results, the simulation experiments performed in the previous section are adopted again.
The deltas of the Black-Scholes exchange option with respect to the underlying assets 1 and 2 are obtained by differentiating equation (3) with respect to  1 and  2  the prices of the two assets (see Appendix A for details). They are given as
In the case of the generalized normal option price in (19) , the deltas need to be computed numerically. Using a step interval of 1 the numerical derivatives to compute the delta for each asset are as follows
where Table 4 presents the deltas in (22) to (25) for various asset price pairs using the parameterization in simulation 1 given in (21) . The deltas are computed for  1 = {60 70 80 90 100}  each paired with prices of asset 2 that are higher than the level of  1 to a maximum of 20 at increments of 5 equal to the level of  1 and lower than  1 to a maximum of 20 at intervals of 5 These scenarios correspond to the exchange option being out-of-the money, at-the money and in-the-money respectively.
The deltas corresponding to asset 1 are positive as increases in the price of the underlying asset 1 provides the holder of the exchange option with the right to exchange asset 2 for the now more valuable asset 1. The deltas corresponding to asset 2 are negative as increases in the price of the underlying asset 2 decreases the value of the exchange option as one has to give up a now more valuable asset 2 in exchange for asset 1 in exercising the option.
As the exchange option moves from being out-of-the-money to being in-the-money, the value of delta with respect to  1 becomes larger while the value of delta with respect to  2 becomes more negative. This is the case for deltas based on the BlackScholes pricing equation as well as those based on the generalized normal exchange option price.
Across all asset price pairs under consideration, the positive deltas generated for the generalized normal exchange option prices are larger than the deltas based on Black-Scholes. As for the deltas of exchange options with respect to  2  the deltas corresponding to the generalized normal option prices are consistently more negative than those based on Black-Scholes. Moreover, for certain price pairs, the delta associated with the generalized normal options are greater in absolute terms than unity. In contrast, and by construction, the deltas associated with the Black-Scholes options are all between 00 and 10 This result suggests that during financial crises, the incorrect adoption of Black-Scholes delta hedging may lead to an under-estimate in absolute terms of the quantities needed of the underlying assets in the portfolio.
Inspection of Figure 6 reveals that as the exchange option moves from out-of-themoney to in-the-money, the level of the differences in the deltas computed based on the generalized normal and Black-Scholes option prices, rises nonlinearly. When the exchange option is in-the-money, the level of the differences in the deltas is higher
at lower values of  1 for each given value of  1 −  2 . The reverse occurs when the exchange option is out-of-the-money, suggesting the presence of a level effect. Figure 6 : Differences between generalized normal and Black-Scholes deltas using the parameterization in (21) . In Panel (a), the generalized normal delta is based on (24) and the Black-Scholes delta is based on (22) for asset 1. In Panel (b), the generalized normal delta is based on (25) and the Black-Scholes delta is based on (23) for asset 2.
The results for the Black-Scholes and generalized normal deltas based on the sim- Table 4 :
Deltas corresponding to asset price pairs based on the parameterizations given in (21) . 
The value of the hedge portfolio for the seller of the exchange option at time −1 is  −1 which equals the sum of a short position in the exchange option and offsetting positions in the underlying stocks (i.e., a long position in asset 1 by the amount indicated by  1−1 , a short position in asset 2 by the amount  2−1 , with the positions in each asset multiplied by the respective prices)
At time  the value of this portfolio without rebalancing over the period, changes as a result of movements to the two underlying asset prices and the exchange option price is given as
The hedge portfolio is then rebalanced at time  according to the changes in the values of the respective deltas for the underlying assets, so that the quantities of the positions in the two assets correspond to the updated deltas. In this way, the construction of the portfolio ensures that the return approximates the risk free at each time interval of rebalancing as the prices of the underlying assets change.
To highlight the effects of coskewness on the ability to construct a portfolio that minimizes exposure to price movements, the following experiment is undertaken where the maturity of the option is three-months and rebalancing takes place each month over the life of the option contract. Two portfolios are constructed: one based on pricing based on Black-Scholes using  respectively. This compares with the 10% risk free rate of return specified in this simulation exercise which took approximately 100 hours to complete. Increasing the coskewness parameter to  6 = 02, results in the returns on the two portfolios equaling 1536% for Black-Scholes and 1439% for the generalized normal portfolio. These results
show that the construction of a portfolio based on Black-Scholes which ignores the presence of coskewness, yields a portfolio that is exposed to price movements with the degree of exposure increasing as the level of coskewness increases. By embedding coskewness into the pricing of the portfolio reduces the exposure of the portfolio with the return on the portfolio being closer to the risk free rate.
Conclusions and Implications for Portfolio Management
The recent financial crises, including subprime, the Great Recession and the European debt crisis, revealed additional crisis transmission channels operating through higher order comoments of asset returns. Asset mispricing can be particularly significant during periods of financial crisis and contagion. Financial institutions which originate options such as the exchange option may engage in delta hedging in order that they earn premiums from writing the options without the accompanying risk exposures.
However, if their delta hedging strategies are based on the incorrect pricing formulation that do not take into account the presence of higher order moments during periods of crisis, the potential losses can be significant, as shown in this paper. This has impor-tant implications for market participants engaged in the hedging of financial risks and for financial regulators seeking to manage risks across the financial institutions. Mispricing of assets during periods of financial crisis and contagion could have systematic implications for the financial stability of the economies.
The key implication of the results of the paper is the importance of pricing higher order moments, especially during financial crises. Option prices based on Black-Scholes assumptions, and in particular, multivariate normality, can result in significant mispricing of options. The paper provides one strategy for embedding higher order moments into the calculation of option prices, but alternative strategies also exist as well. Moreover, the paper shows the importance of pricing the risks of higher order moments to minimize the exposure of portfolios to price movements in market during financial crises. Whilst this analysis is conducted through the construction of delta-hedged portfolios, the analysis suggests the importance of expanding the set of Greek hedging parameters to include hedging strategies that explicitly take into account higher order moment behavior of returns, including Greeks that capture coskewness and cokurtosis. 
Equation (34) shows how the value of the exchange option varies with changes in the underlying asset value given by  1  A similar expression can be derived which gives the sensitivity of the option value to changes in the other asset value given by  2
Substituting out  ( 1 ) and
using equations (35) and (29) respectively yields
which upon rearranging becomes
Equation (36) provides the change in the exchange option value with respect to a change in the value of the other underlying asset  2 
